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NOMENCLATURE

In this document, all equations assume angles in radians, while the text and the figures give angles

in degrees.

T normal accelerometer output, g

Ay, 8, longitudinal, lateral, and vertical accelerometer output, ¢
b reference span, m or ft

C2.Cp,iCp coefficients of roll, pitch, and yaw moment
CL.Cp coefficients of 1ift and drag

Cn.Ca coefficients of normal and axial force
Cx.Cy,C2 coefficients of longitudinal, lateral, and vertical force
¢ reference chord, m or ft

F external applied force, N or 1b

Fx.Fy.Fz components of external applied force, N or 1b
f(.) system state function

Ge* medsurement noise covariance

9{.) system observation function

g acceleration of gravity, m/sec2 or ft/sec?
H altitude, m or ft

h angular momentum vector

I R moments of inertia, kg-m? or slug-ft2

Ixe engine moment of fnertia, kg-m2 or slug-ft2
Inyslxzslyz cross products of inertia, kg-m2 or slug-ft2
J(.) cost function

KasKg upwash and sidewash factors

Lg,Lg dimensional rolling moment derivatives

M external applied moment, N-m or ft-1b

m mass, kg or slug

m€ prior mean of ¢

H,,H5.Mq.nb dimensional pitching moment derivatives

N engine speed, rad/sec

Ng,Ng dimensional yawing moment deri:tives

P prior covariance of ¢

p roll rate, rad/sec or deg/sec

Ps static pressure, N/m2 or 1b/ft2

q pitch rate, rad/sec or deg/sec

q dynamic pressure, N/m2 or 1b/ft2

r yaw rate, rad/sec or deg/sec




> reverence area, m¢ op fec

T thrust, N or tb
t time, sec

u system tnput; or body X-axis wind-relative velocity, m/sec or ft/sec
v total wind-relattve velocity, m/sec or ft/sec

v velocity vector, comporants in m/sec or ft/sec

v body Y-axis wind-relative velocity, m/sec or ft/sec
Wy, Wy horizonta! wind components, m/sec or ft/sec

Wy vertical wind component, m/sec or ft/sec

w body Z-axis wind-relative velocity, m/sec or ft/sec
X spatial x position, m or ft

x System state

x,,x,.x.x.x.y,x.n sensor X-axis positions, m or ft

Y spatial y positton, m or ft

’G"B"lx"ly"ln sensor Y-axis positions, m or ft

z system regponse

zg,za.z.x.z.y.z.n sensor Z-axis positions, m or ft

24,28 dimensional vertical force derivatives

a angle of attack, rad or deg

af flank angle of attack, rad or deg

[ angle of sideslip, rad or deg

Y flightpath angle, rad or deg

A sample interval, sec

] generic control

8 atleron deflection, rad or deg

Sa elevator deflection, rad or deg

ér rudder deflection, rad or deg

nj measurement noise

9 pitch attitude, rad or deg

() roll attitude, rad or deg

[ 4 vector of unknown parameters

0 atr density, kg/m3 or siug/ft3

T lag time constant, sec

v heading angle, rad or deg

M angular velocity vector, components in rad/sec
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1.0 INTRODUCTION

Tnis document examines the practical appitcation of parameter estimation techniques to the problem of
estimating atrcraft stadbility and control derivatives from fiight test data.

The field of afrcraft stabtifty and control exemplifies o successful application of system iden-
tification technology. Workers in the tndustry accept and use System fdentification techniques on a
routine production besis. There certainly are isolated problems (primarily in extending the application
to more difficult situations), but there {s Vittle doubt that the basic applicetion is highly successful.
Major factors contributing to this success include the following: & w}l-understood, physically dertved
model form that is reasonably representative of the true vehicle tn most flight regimes: high-qualttty
measurements of severa) relevant parameters; the abilfty to apply inputs specifically for system
1dmti;1cat1on; and engineers familiar with both system identification and atrcraft stability and
control,

Contrast aircraft stability and control with economics, for instance. Economic models are of dubjous
validity, at best. The measurements are Tittle better than the models {for example, whose numbers for
the inflation rate are best) and are often biased by polttical situations {Vike lowering the federal
budget deficit by redefining methods for computing the deficit). Economic controls are not subject to
manipulation for system fdentification experiments, even assuming that the controls are known. Some econ-
omists insist that the Federal Reserve Bank controls major portions of the economy; others insist that it
has Vittle influence and merely responds to existing conditions. (In etther case, it is not practical to
shut down the Federal Reserve Bank for three months to see what happens, changing nothing else for the
next four years to avoid confusing the issue,)

1.1 SCOPE AND BASIS

This document does not Survey the large number of parameter estimstion techniques applicable to
aircraft stabflity and control, but rather thoroughly examines a single approsch. This concentration
allows us to cover the entire parameter estimation process in sume detail, from planning the flight test
program to evaluating the results. We discuss the kinds of difficulties encountered in practice, with
extensive examples using real flight data. We intend this detailed treatment to serve both as an intro-
duction to the problem and as a guide for practicing engineers. We hope to promote a more complete
understanding than that provided by texts that present only brief examples with “correct” answers, or
that provided by field education, which often arounts to “Here's a computer program to solve the prob-
lem — sometimes it works."

The problems and solutions that we discuss are all real and are based on our own experience at the
Dr{den Flight Research Facility of NASA's Ames Research Center (Ames-Oryden). Although we sometimes
11lustrate the principles with stmulated data, we have encountered al) these issues in real situations.
We omit discussions of numerous potentially important issues that have not yet troubled us., For example,
although finite computer word length may be an important issue on a smalier machine (we do most of our
work on & 60-bit computer) or for a different application, we have yet to encounter finite word length
difficulties that did not stem from more basic sources, such as poorly written problem statements. We
decline to artificially create difficulties for experimentation. Others haye encountered these issues
and treated them elsewhere, and we have 1ittle to add to the discussion.

By restricting our discussion to the scope of our own experience, we achieve a strength that we feel
is lacking in many reports, even those purporting to be practically oriented. We offer a self-critizal
first-hand view of the estimation process, including numerous mundane problems encountered along the way.
Most reports omit mentioning "stupid® errors and other trivial problems that are not relevant to the
final reported results, but these problems can account for the majority of the time spent.

In the flight test environment, results are subject to detailed critical review. If our results
disagree with oredictions, someone will ask where we erred; we need to convincingly defend our results
before an often skeptical audience. If we suggest that the simulator be revised based on our results,
we must demonstrate why the update is worth the work (and hope the pilat notices that the revised simu-
Yator flies more like the airplane). If we suggest that instrumentation errors have occurred, someone
will test it and contradict us. If we request more test data, the scnedulers will complain about mile-
stones and cost. In some flight regimes the controls and handling qualities group wants assurance that
our results are very accurate because they have Vittle margin for error; tn other flight regimes they
may insist that we must be wrong, because if our results are correct, the control system needs to be
redesigned. Throughout this process, few people care if we have an elegant, sophisticated, and {nnova-
tive method; they simply want good results and they want them tmmediately.

This flight test environment fosters a self-critical attitude; it is this attitude, more than any
specific issue, that we try to promote in this document, It is a corrollary of Murphy's law that
although there may be several ways to arrive at acceptable results, there are more ways to get incorrect
results. We have seen too many papers (with impressive claims about having analyzed some complicated
nonlinear problem) where cursory inspection has shown the results to be wrong (they had, as claimed,
analyzed the problem, but the andlysis was wrong). Me certainly do not claim to be free of errors. In
fact, a princ.pal ,advantage of our experience is that we have made (and fixed) more mistakes than most
people. MWe hope that this document will help achieve the goals of the practicing engineer: to avoid
problems m:n possible, to fix the problems that canmot be avoided, and to recognize the problems that
cannot be fixed.

This document emphasizes areas of mature technology. The techniques we discuss have become widely
sccepted, based on a broad background of practical applications. We avoid detailed discussion of



emerging areas of technology, where there are only a few isolated examples of application {even when
some examples are from our own experience). Material on emerging areas rapidly becomes dated and is
inappropriate for this document. Such emerging areas of technology tnclude filter-error algorithms,
optimal fnput design, automatic model structure determination, nonlinear and unsteady aerodynamics, and
helicopter applications. Therc are exdmples of application in these areas, to both stmu)ated and real
dats, but their appropriate role in routine use is not yet clear. The reference 1ist includes numerous
papers addressing these areas.

1.2 OUTPUT-ERROR METHUD

We begin by briefly reviewing the form of the output-error parameter estimation method., (See
Maine and ;liff (1984) for a complete treatment of the development and implications of the following
equations.

The atrcraft is a continvous-time dynamic system. We will assume that measurements are made at
discrete time intervals for analysis on a digital computer. The system equations, in general form, are

x{to) = xo(€) (1.2-1a)
x(t) = fLx(t),u(t),t €] (1.2-1b)
2(ty) = glx(ty),ulty),ty,E 5 + ny (1.2-1¢)

where x is the state, u the input, and 2 the response of the system., We assume that the measurement

noise n is & sequence of independent Gausstan random vectors with zero mean and covariance GG*, The

output-error method does not account for any process noise. We assume that the forms of the f and 9

functio:s are known, The parameter estimation task is to estimate the value of the unknown-parameter
vector &,

The output-error estimate of € is the value that minimizes the cost function
1 i% , . 1 .
VIE) =g &y () - B(0IN6EN)1T2(t) - (8] ¢ 2 (6 - m*P-NE - m)  (1.2:2)

where 2& is the computed response obtained from

Xe(tg) = xo(€) (1.2-3a)
Ke(t) = FLR(t),u(t),5,€) (1.2-3)
I (ty) = 9l& (ty)ulty).ty.€) {1.2-3¢)

The value m. in the cost function is the mean of the prior distribution of £, and P is the covariance.
If there is no prior distribution to be considered, then the last term of the cost function is omitted,

The Gauss-Newton algorithm is an effective means of mintmizing this cost function (Maine and
ITiff, 1984).,

1.3 AIRCRAFT STABILITY AND CONTROL APPLICATION

Afrcraft stability and control involves controlling the attituce and flightpath of an aircraft. The
desired attitude and flightpath are defined by agents external to the stadility and control system:
pilots, guidance and navigation systems, or autoland systems, for instance. In the simplest systems,
pilots decide on a desirable attitude and flightpath and move the control wheels, sticks, pedals, and
other controls in a manner that they anticipate will give the desired results. Mechanical cables connect
the pilot's controls to movable control surfaces on the afrframe or to engine control actuators. Moving
the contral surfaces changes the aerodynamic forces and moments on the atrcraft, thus changing its atti-
tude and flightpath, There is no feedback inherent in these simple control systems; the pilot provides
external feedback by monitoring the aircraft response using the cockpit instruments, the view out the
window, and the "feel® of the airplane, and by appropriately changing the control stick motions.

In a more complicated system, a quidance and navigation computer generates attitude or flightpath
commands needed to maintain the desired trajectory., These commands are in the form of analog or digital
signals, which are sent to the stability and control computer (or possibly to a different program running
on the same computer), The stability and control computer determines che control surface positions
needed to achieve the commanded attitude or flightpath and sends commands to electric or hydraulic sur-
face actuators, which move the aircraft control surfaces. Sensors measure the vehicle motions and feed
back this information to the stability and control computer, which modifies its control surface commands
accordingly.

The descriptions of these two types of Systems are oversimplified, and there are numerous other com-
binations and variants of the system elements. Me make no attempt to cover design or analysis of contro!
systems in this document. That is a major subject i its own right, and there are several references on
the subject (Ogata, 1970). The generalizations here are intended only to establish the background and
purpose of stability and control parameter estimation.
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tion. The firet level involves an open-loop study of how the aircraft would respond to given control
surface motions, A study at this level ignores all issues of feedback; it involves only vehicle aero-
dynamics and kinematics. The second level adds considerations of the control system feedbacks, if any,
These considerations include issues of sensor characteristics, control System logic, and actuator char-
acteristics. The result of a study at this level ts an understanding ot how the vehicle and control
system, operating together, respond to commands. A third level includes the pilot as part of the system.
The aircraft designer must ensure that & pilot can reasonably control the afrcraft,

We normally estimate the stability and control derivatives using only the open-loop, bare ajrframe
model. We look at the control surface motions and the aircraft response. The causes of the control sur-
face motions are irrelevant. In particular, the model applies whether or not the control surface motions
are a result of feedback at some higher level. There are several related reasons for using the open-loop
model, The central reason is that this 1s the simplest system. The simpler the system, the more iikely
1t s that we can get good estimates. Furthermore, the feedback systems are superfluous to our estima-
tion problem. Maine and IN{ff (1984) pointed out that we need to take maximm advantage of previous

informatfon in constructing our system model. We should use parameter estimation techniques only to
fi11 the gaps in our knowledge.

The gap that we are filling here is in our knowledge of the aircraft's aerodynamics. Relative to
our knowledge of the aerodynamics, we have good models of most components of the feedback systems. We
can get accurate data on most actuator and sensor characteristics from both ground and flight test data
without using complicated parameter estimation techniques; in exceptional cases, we may need to include
the actuator or sensor models as parts of the system identification task. If the control system analysts

do not know the control logic, there are very basic problems, which system tdentification techniques are
not likely to solve. :

Another biy gap is in our knowledge of the pilot model. We can make some general statements about
piloting technijues, but accurate quantitative pilot models are as unattainable as good economic models.
There have been attempts to use system identification techniques for pilot modeling, but we are not aware
of any convincing results. We do not discuss the pilot modeling problem in this document. Whereas we
exclude automatic feedbacks from our analysis because simpler techniques are appropriate, we exclude the
pitot model because it makes the problem too difficult. Including dubtous pilot models in our system
would simply corrupt the quality of the stability and control derivative estimates.

This document also ignores, as far as possible, the response of the aircraft structure and propulsion
system. The aircraft structure and propulsion system are appropriate areas for the use of system iden-
tification techniques, and several applications have been made in these areas. However, we consider them
as separate applicatiors that we will not treat extensively in this document. In some cases we cannot
separate the structural, propulsion system, and aerodynamic system responses. We must then consider
these issues in more detail, and the problem is considerably more difficult.,

In summary, we use an open-loop model for estimating aircraft stability and control derivatives. The
mode} ignores structural and propulsion system responses to the extent possible. The mode! includes kine-
matics and the aerodynamic forces and moments acting on the aircraft. The kinematics are well known; we
estimate only the aerodynamic forces and moments .

The preceding discussions point out the importance of defining the scope of the estimation prob-
Tem. A complete model of all aspects of an aircraft response would be intractable; we therefore have
restricted the scope of the aircraft stability and control problem to that which we can reasonably hope
to handle. The other elements of the aircraft are handled separately; designers and control system
analysts can assemble the different element models. Many system identification failures stem from

poorly defining the scope in the original problem statement, posing a problem that is intractable from
the start.

1.4 PURPOSE

As the first step in any practical application, we must establish the purpose of the estimation.
The intended use of the results influences every aspect of system identification, including model selec-
tion, choice of estimation algorithms, experiment design, and evaluation of the adequacy of the results.
In this section we mention some common uses of afrcraft stability and control derivative estimates. A
particular application can involve several of these and other uses.

One of the earliest uses of aircraft stability and control derivative estimation was in validating
wind-tunnel or analytical predictions. Although comprehensive wind-tunnel and analytical testing can
give a reasonable estimate of the flight vehicle aerodynamics, there are several potential sources of
misprediction, sometimes minor and sometimes major: The wind-tunnel models used for most of the testing
are often slightly different from the actual flight vehicle because of last-minute configuration changes.
It 1s difficult or impossible *o precisely match actual flight conditions with scaled wind-tunnel models.,
Reynolds number differences are a standard explanation for discrepancies between flight and wind-tunnel}
resulis. Support system (sting) effects are almost always an issue in wind-tunnel tests; major discrep-
ancies have been traced to sting effects in several programs (Ericsson, 1981). Minimization of support
effects 1s still more of an art than a science. Funding and time constraints necessitate shortcuts in
the wind-tunnel tests (and in the flight tests). For these and numerous other reasons, 1t is always
wise to at least spot-check wind-tunnel and analytical predictions with flight test data, even for
simple configurations.
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test vatidation of predictions. After all, the use of flight data in this role is a tool for finding
errors. It 1s natura) (and appropriate in many places) to emphasize the consistency of the results after
all the errors are corrected rather than to discuss how the errors were found and corrected. The errors
can be as simple as typographic or arithmetic mistakes. More complicatad errors include fatlure to
account for (or incorrect):: sccounting for) Reynolds number effects, sting effects, wind-tunnel wal?
effects, flexibility effects, or propwash (or jetwash) effects. In some cases the data needed to make an
accurate prediction have been available bdefore Flight; they simply have not been used. For instance,
often there are two disagreeing sets of wind-tunnel data, one of which is discarded based on some Judgment
(funding and time typically prohibit running a third independent wind-tunnel test); in some such cases we
have found that the flight results agreed with the discarded set. In most of the situations mentioned in
this paragraph, final reports will emphasize that the wind-tunnel data {appropriately corrected) are in
good agreement with the flight data.

The tendency to emphasize agresment between data sets is appropriate 1f the consistency of the
results is being used to support the thesis that the values are accurate. To evaluate the utility of
estimating the stability and control derivatives from flight data, it 1s valuable to look at a comparison
that is seldom published: the predicted data exactly as used before the first f1{ght compared with the
best estimates combining flight data and predictions after the flight test program is completed. Such
comparisons would reveal that stability and control derivative estimation from flight data has an impor-
tant role in correcting simple oversights and otherwise validating predictions. Because of this role,
stability and control derivative estimation from flight data is indfspensable in any major new aircraft
test program, regardless of how thorough the wind-tunnel test was. In spite of the most thorough wind-
tunnel and analytical test program in history, the flight data for the space shuttle exhibited signifi-
cant disagreements with preflight predictions.

Do not take the preceding discussion of prediction errors as reflecting our position on the ubiqui-
tous question of whether wind-tunnel or flight test data are better; in general, we regard the question
as irrelevant. It suits our purpose in this section to briefly allude to potential problems with predic-
tions, but we devote several subsequent chapters to the potential problems with flight data analysis.
For purposes of our current discussion, the roles of flight and wind-tunnel data are symmetric: The
flight data can be useful in finding problems with the wind-tunnel data, and the wind-tunnel data can
be useful in finaing problems with the flight data. Having the most confidence in the results requires
both wind-tunrel and flight data. Thus, flight data are useful in improving confidence, even if they
can be summzrized by stating that they agree with predictions.

In some test programs, a complete aerodynamic data base must be built using only flight data. This
can occur if there are no wind-tunnel tests or if there are such major deficiencies in the wind-tunnel
data as to make it easier to discard then and use only the flight data (as, for instance, with the highly
maneuverable aircraft technology (HiMAT) program; Matheny and Pangeas, 1981; INiff and Maine, 1982). In
this case much better coverage of the flight envelope is needed. It is no longer sufficient to spot-
check a few flight conditions and say that the predictions look reasonable. The end uses of the flight-
estimated stability and control derivatives are similar, whether they are used alone or in conjunction
with predictions.

Flight estimates of stability and control derivatives play an important role in envelope expansion
and safety of flight during flight test programs, As the demonstrated. flight envelope of an aircraft
expands, engineers examine stability and control derivative est imates for unexpected trends that might
make flight unsafe in some regimes. This monitoring can be done during the flight or between flights.

Computer programs for analyzing aircraft stability, handling qualities, and control systems make
direct use of stability and control derivative estimates. These programs can analyze the aircraft as
it 1s, or they can analyze the effects of proposed changes in the control system.

High-fidelity simulators are increasingly necessary in modern flight research and test programs and
in operational use. For many years, simulators have been used for flight planning and pilot training,
both to save expensive flight time and to minimize risky flight operations, such as training for emer-
gency conditions. As aircraft become more complex and as flight envelopes expand to include unconven-
tional regimes, the need becomes greater for using simulators as integral parts of the flight test
programs. Control systems and, to the extent possible, handiing qualities must be tested on simulators
before committing to flight. The design and refinement of complex modern control systems operating over
Targe flight envelopes require higher-fidelity simulators than were needed for pilot training. These
high-fidelity simulations require complete stability and control data that give an accurate representa-
tion of the actual flight vehicle. For many years, every major flight project at Ames-Dryden involving
stability, control, or flying qualities has included a high-fidelity simulator updated with fiight-
determined stubility and control derivatives.

For most of these purposes, we care Tittle about the phenomenology of the aerodynamics; we need only
know the end result of how the aircraft responds. Thus, we may be relatively indifferent to some model
distinctions. For instance, the parameters Cmq and cm& both affect aircraft damping in pitch. In many

flight regimes, the aircraft responses are identical (within the accuracy of our measurements) whether
the damping arises from Cmq or G- Therefore, 1f we are restricted to such flight regimes and if our

purpose is solely to construct an accurate simulation, we need only estimate the sum Cmq + cm&. To
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For other purposes, however, the phenomenology might be of primary interast. We might be using the
stability and control derivative estimates as an aid to understanding aerodynamir flow phenomena. In
such a case, C,q and Gy, are quite distinct because they arise from different flow phenomena. This

simple example illustrates how a choice of model form (C.,.q and Cye summed or distinct) can depend on the
purpose of the estimation.

1.5 FLTGHT TEST PROGRAM

In this section we give an overview of the f1ight test procedure for estimating stability and control
derivatives. This overview also Sirves as an outline of the subjec*: covered in the rest of this docu-
ment. Figure 1,5-1 {llustrates the major steps of a flight test program. The individual items are
elaborated below.

You need to develop a test plan that addresses all the fssues mentioned in this section. This plan
need not be a formal writter document. It may be unreasonable to make detailed plans for the entire pro-
Ject before it starts. For instance, you probably will nead to examine some of the raw data before
making final decisions about data filtering and preprocessing. At a minimum, you need to make a menta)l
checklist of what needs to be accomplished at each stage of the project. Otherwise it is easy to omit
small but important items, such as measuring the instrument positions.

The first element of the test plan is a statement of the objectives. In Section 1.4 we discuss the
importance of the objectives and the influence that the objectives can have on the approach. A statement
of objectives should be concrete and should include acceptable forms of the results. For instance, it
is important to know whether a single model, which describes the atrcraft over its entire envelope, is
required, or 2 set of models, each valid in 2 part of the envelope, is acceptable.

You must establish the requirements for predicted derivatives and a source of data to meet these

requirements. You may also need to determine how to obtain the atrcraft mass characteristics. Chap-
ter 5 discusses mass characteristics and preflight predictions.

You need to define the necessary flight maneuvers, as described in Chapter 6. Chapters 7 and 8
discuss the requirements for instrumentation and data systems adequate for stability and control analy-
sis. Establishing and implementing fnstrumentation requirements are among the long-lead-time processes
and must be addressed early in the flight test program. Preprocessing of the measured flight data to get
it in a form usable for analysis can be a major effort.

You need tc define the appropriate equations and analysis methods. Basic forms and some variants of
the aircraft equations of motion are discussed in Chapters 2 and 3; analysis methods are discussed
throughout this document.

As the final step of the estimation process, you must evaluate and present the results. The form
of presentation should be tied to the acceptable forms established in the statement of objectives.
Chapter 9 discusses issues related to evaluating and presenting results.

An important facet of the entire process is the interplay between steps. Although we lay out the
steps in a linear fashion, the steps can seldom be separated so neatly in practice. Results from each
step influence decisions in other steps. In many cases, you will need to revise earlier decicions based
on later results., For instance, unexpected trends in the estimates might justify extra instrumentation,
additional maneuvers, or alternative analysis methods. Inflexibility and refusal to reevaluate previous
decisions invite poor results.

Any realistic flight test plan should include generous allowances for unexpected problems. The
positive-sounding term "success-oriented" philosophy is a currently popular management euphemism for
ignoring problems and hoping they will go away, usually an attempt to avoid admitting that the program is
over budget, behind schedule, and under performance. (A more traditional description of this philosophy
is overoptimistic).

In an extreme case, the success-oriented program starts with the lowest qualfty data system that
someone can argue should be acceptable; the test program consists of a quick series of flights with one
maneuver at each of a few questioned flight conditions; then the instrumentation is removed, and the
airplane is sent off for other uses before any data are analyzed. Such a plan minimizes projected cost
and time in the unlikely event that nothing goes wrong. Unfortunateiy, there is little or no allowance
for error. Problems that would have been minor in a better-planied program (perhaps only requiring an
extra flight) can completely invalidate the data ‘n a success-oriented program. For example, if the dats
recorder were to fail (as happened to some recorders on a few shuttle flights), more time and money could
have been saved by forgetting about the tests in the virst place. More likely, the data will be full of
obvious inconsistencies {or worse, unobvious ones), If the data are analyzed and the results are dif-
ferent than predicted, the extreme success-oriented program would disregard the results anyway, hoping
that an error was made or that it might not matter. If a test program does not merit better treatment
than this, 1t s not worth doing.
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document reflects such problem-oriented philosophy. We point out the kinds of problems that commonly
occur, how to identify them, and how to fix them or work around them. Our experience 18 that such a
problem-oriented approuch is the best way to ensure success, while a success-oriented approach is the
best way to ensure lasting problems,

Figure 1,5-2 shows relationships among several of the major areas of aircraft stability and control
estimation: input, vehicle, measurements, and analysis. We discuss all of these in this document., The
following 1ist of AGARD documents relates to the areas depicted in Figure 1.5-2. The hibliography at the
end of this document lists these and other references in the field.

A:  INPUT Flight/ground testing
AGARD, 1976, Nos. 6, 8, 13
Optim.! input design AGARD, 1983, Nos. 38, 15, 16, 17A
AGARD, 1979, No. 3
AGAR), 1975, No, 12 Dynamic stability parameters
AGARD, 1978, MNos. 14, 15, 17, 18
Flight test program design AGARD, 1981, No, 10

AGARD, 1977, Mos. 5, 11, 12, 13
C: MEASUREMENTS

B: VEHICLE
Flight test instrumentation
Fixed-wing atrcraft AGARD, 197%, Mo. 4
AGARD, 1979, No. 6 AGARD, 1972-1983, Vol. 1
Rotorcraft Signal filtering
AGARD, 197%, No. 7 AGARD, 1972..1983

AGARD, 1983, No. 16

Wind-tunnel and free-flight models D: ANALYSIS
AGARD, 1979, No. 10

AGARD, 1983, No. 17A Maximum likelihood methods
AGARD, 1979, No. 2
Extreme flight regimes Maine and ITiff, 1984
AGARD, 1979, No. 8
AGARD, 19792, Nos. 1, 1 Flightpath reconstruction
linear regression methods
Ciosed-loop aspects AGARD, 1979, No. 5

AGARD, 1979%, No. 11
Frequency domain methods
Aeroelastic flight testiny AGARD, 1979, No. 2
AGARD, 1972-1983, No. 9
AGARD, 1983, Nos. 18, 19, 20

| Develop plan and establish cbjectives |
T

L Obisin predicted derivatives |
1

{__ Dwtermine mass characteristics |
]
[ Pertorm flight maneuvers ]

l Measure and record data J

| Preprocess data | |
1 Amlyl data 1
] Enm:mum )
Figure 1.5-1. Steps of a Figure 1.5-1. Airoraft stability and oomtrol

flight test program. estimation.
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2,0 AIRCRAFT EQUATIONS OF MOTION

This chapter defines the signals pertinent to aircraft stability and control analysis and derives the
aircraft equations of motion, ghesu equations form the basi, for atrcraft stability and control aralysis,
The derivations of this chapter assume that the aerodynamic characteristics are known. Chapter 3 dis-
cusses the application of parameter identification to these equations in order to estimate the stability
and control derivatives,

2.1 SIGNAL DEFINITIONS

In this section, we define the fnput, state, output, and other signals pertinent to the afrcraft sta-
bility and control problem,

2.1.1 Control Surfaces

The usual inputs to the aircraft stability and conrol equations are the control surface positions.
Me bastc aircraft control surfaces, illustrated in Figure 2.1-1, are the elevator (8a), atlerons (8a),
and rudder {&p). The elevator and ailerons can be separate surfaces or can represent symmetric and anti-
symmetric deflections of a single pair of surfaces usually called elevons (from elevator and aileron).
Control surface arrangement is highly configuration dependent: Various combinations of flaps, spotlers,
canards, reaction control jets, or other control aevices are possible, in addition to or instead of the
basic three controls. Events, such as weight dropping, can also constitute inputs.

Our usual conventions for control surfaces are as follows: A1l surface positions are angular deflec-
tions measured normal to the hinge line. Positive deflection is trailing edge down or trailing edge left
(port), depending on the surface ortentation (as shown in Figure 2.1-1). Ai?éron deflections and other
antisymmetric control combinations are defined as left surface position minus right surface position.
These conventions are not unfversal; in particular, some authors define aileron deflection as one-half of
our definition or with the opposite sign, Sign conventions are worth verifying on each aircraft because
there is no universal standard.

2.1.2 Body-Axis System

Most of the quantities of interest to us are referenced to aircraft geometric body axes, shown in
Figure 2,1-2, The origin of the body-axis system is at the center of gravity (we could work from some
other origin, but placing the origin at the center of gravity significantly simplifies the model). The
positive X axis points forward, out the nose of the aircraft; its exact orientation is defined for each
aircraft model. The positive Y axis points to the right, and the positive Z axis points down to complete
a right-handed axis system. The entire axis system moves and rotates with the aircraft.

2.1.3 Euler Angles

The aircraft attitude with respect to the earth is defined by the three Euler angles Y (heading
angle), © (pitch attitude or pitch angle), and ¢ (rol1 attitude or roll angle). These angles define the
rotations that transform earth-fixed axes to aircraft body axes at any particular instant of time. The
order of rotation is important. Start from earth-fixed axes, where X} is north, Y) east, and Z] down.

Rotate first by the angle Y about the Z) axis to define the rotated axis system (X2,Y2,22) (22 is iden-
tical to Z)}. If we imagine an aircraft attached to the axis system as it rotates, zero ¥ is nose north,
and positive ¥ rotation is clockwise. Then rotate by the angle © about the Y2 axis to define a third
axis system (X3,Y3,Z3) (Y3 is identical to Y2). Note that the o rotation is about Y, not Y1. Zero o is
nose level, and positive © is nose up. Finally rotate by the angle ¢ about the X3 axis to arrive at the
aircraft body axes (X,Y,2) (X is identical to X3). lero ¢ is wings level, and positive ¢ is right wing
down. Figure 2.1-3 illustrates the Euler angles.

These definitions allow multiple solutions for (¥,6,4) for any given aircraft attitude; for instance,
1t is easy to see that a (v,6,¢) of (0°,0°,0°) is equivalent to (180°,180°,180°). We normally define ©
to lie in the range (-90°,90°). The Euler angles are then unique except when © is exactly 90° or -90°,

The transformation of a vector from earth axes Ve to body axes Vp is the product of the three rota-
tion matrices. \

1 0 vj cos © 0 -sin o cos ¥ siny¥ 0
Vb =|0 cose sine|; O 1 0 -sin¥ cosY O Ve
Lsin © 0 cos ©

(0 -sin & cos ¢ 0 0 1
[ cos © cos Y cos 6 sin ¥ -sin ©
sin ¢ sin 9 cos ¥ sin ¢ sin @ sin ¥ sin ¢ cos © " {2.1-1)
= - cos 6 sin ¥ + cos ¢ cos ¥ e
cos ¢ sin ~cos ¢ cos ¢ sin @ sin ¥ cos % cos ©
+sitn ¢ sin ¥ - sin ¢ cos ¥



The inverse transformation is

-sfn ¥

0

stn o

-

0 0

cos ¥ 0 cos © 1
Vo »|sin? cosy O 0 1 0 cos ¢ -sin oJ L[
0 0 1ll~sth® 0 cos e 0 siné¢ cos ¢
cos ¥ cos 6 cos ¥ sin 6 sin ¢ cos ¥ sin 6 cos ¢
- sin Y cos ¢ +sin v sin ¢
= | sin Y cos © sin ¥ sin 0 sin @ sin ¥ sin 6 cos ¢ |V (2.1-2)

+ cos ¥ cos ¢ - ¢cos ¥ sin ¢

-sin © cos © sin ¢ cos O cos ¢

2,1.4 Angular Rates

We define the body-axis aircraft angular rates as
respect to inertial space) on the body axes. This def
defines the vector in inertial space; this is
to the body axes is zero by definition
and yaw rate r are the components cf the angular velocity in the
tively. The sign conventions follow a right-hand rule:
positive yaw rate is nose moving right; positive pitch rate

2,1,8 Wind-Relative Velocity

For stability and control analysis, we are seldom interested
to earth. 1he velocity of the atrcraft relative to the air,
central importance. It is often convenient to consider thi

hits the aircraft (the sign convention is then that the vector points in the
The components of this vector in the X, Y

relative wind comes). These two definitions are equivalent,
and I body axes are u, v, and w, respectively,

For many purposes, it is more convenient to express the wind
ordinate system instead of by the Cartesian components u, v, and
wind-relative velocity is

VaWuZ+ vl + g
The angle of attack a and the angle of sideslip B are defined by

a = tan-] %

8 = sin-l

<<

Figure 2.1-4 shows the geometry of these definitions.

The angle of sidesiip defined by Equation (2.1-4b) is not ex
sideslip vane (see Section 8,5). A sideslip vane measures the f

-1V
of = tan 1 T

The flank angle of attack is related to the angle of sideslip by
tan 8 = tan af cos o

We use the angle of sidesiip in the equations derived in this do
corresponding equatfons in terms of the flank angle of attack.

We can invert Equations (2.1-3) and (2.1-4) to give

Positive roll rate

projections of the angular velocity vector (with

inition may seem a 1ittle awkward in that it first
because the angular velocity of
and thus is not a useful quantity.

the atrcraft with respect
The roll rate p, pitch rate q,

Y, and 1 directions, respec-

1s right wing moving down;

body X,

is nose moving up.

in the velocity of the aircraft relative

called the wind-relative velocity, is of
S as the velocity with which the relative wind

direction from which the

*

~relative velocity in a spherical co-
w. In the spherical system, the total

(2.1-3)

(2.1-42)

(2.1-4b)

actly the quantity measured by a normal
lank angle of attack, defined by

(2.1-5)

the equation
(2.1-6)

cument, It is possible to derive

u=VYcos acosp (2.1-7a)
veVsing (2.1-b)
w=Vsin acos s (2.1-7c)
Note that Equation (2.1-7) cen be written in the form
u cos a 0 -sinal[cos 8 -stnp 0O
v)e 0 1 0 sin 8 cos s O0]i0 (2.1-8)
w sin a 0 cos 0 0 1jto



wai1ch 13 a product of two rotation metrices and the velocity vector in a relative-wind-oriented coor-
dinate system (called wind axes). The order of the two rotations is important.,

2.1.6 Linear Accelerations

The definition of body-axis linear accelerations is similar to that of the body-axis angular rates.
The body-axis linear accelerations of any point on the aircraft are the projections of the acceleration
vector of the point (with respect to tnertial space) on the body axes. Note that the accelerations,
unlike the angular rates, are different for different points on a rigid aircraft. When the term acce!-
eration is not qualified with a position, it usually refers to acceleration of the center of gravity.

Linear sccelerometers are important sensors for stability and cortrol data analysis and for contro)
system feedback. Such acceleromete.s measure the body-axis accelerations, excluding the component of
acceleration due to gravity or other internal forces. Equinlmtlk we could say that an accelerometer
measures the nterm?ly applied force on the accelerometer case. us, an accelerometer will indicate
i g of upward acceleration for an aircraft in steady level flight. The actual acceleration in steady
level flight 1s zero, composed of 1 g of upward scceleration from 1ift plus 1 g of downward accelera-
tion from gravity; an accelerometer will measure only the acceleration from 1ift in this situation,
For many purposes, accelerometer measurements are actually more useful than true acceleration measure-
ments would be; if we had measurements of the true acceleration, we would often need to subtract the
gravity contribution,

Aeronautical engineers (including ourselves) often tnaccurately use the term “accelerations” for the
linear accelerometer outputs, implying that the second derivative of positfon is the acceleration plus
the gravity contribution. The usage is sloppy, but there is not an accepted better term. Terms 1ike
“accelerometer output® are awkward; the term "specific force" is used occasionally but is not universal,

The three components of accelerometer output are 2p, 3y, and ay. The a, component, called normal
acceleration, is positive upward; note that this is in the negative Z direction. Occastonally you will
see 2z, positive down, substituted for a, in order to make the accelerometers consistent in sign with
the axis system. However, the use of a, is far more common, 11ft always being thought of a: positive
upward, and we adopt a, in this document. The ax component, called longitudinal acceieration, is positive
forward, along the X axis. The 2y component, called lateral acceleratior, is positive to the right,

along the Y axis.
2,2 SIX-DEGREE-OF-FREEDOM EQUATIONS OF MOTION

In this section we briefly outline the derivation of the aircraft equations of motion. Most aircraft
dynamics texts (Etkin, 1959) give more detailed versions of these derivations, starting from the equations
for a point mass. Gainer and Hoffman (1972) present a more general set of equations than we use here,

2.2.1 Newtonian Mechanics

We take as a starting point the nonrelativistic, rigid-body equations of motion in a nonrotating
inertial axis system., This coordinate system could be fixed with respect to either the earth or the air
(assuming that the wind velocity is constant in both time and space); for our purposes here, it is best
to use a coordinate system fixed relative to the air. The basic equations are the linear momentum and
angular momentum equations:

= —d v -
F m (mV) (2.2-1)
d
M= Ty (h) (2.2-2)

where F is the externa) applied force, M the external applied moment about the center of gravity, V the
velocity vector, and h the angular momentum vector about the center of gravity. Nonrotating coordinates
are somewhat awkward because ocur measurements are made primarily in the rotating body-axis system;
furthermore, the inertia tensor is a rapidly changina function of time in the nonrotating system.

We need to transform Equations (2.2-1) and (2.2-2) to the rotating atrcraft body-axis system. Let w
be the angular velocity vector of the body-axis system with respect to inertial space. The rules for
transforming vector derivatives into rotating coordinate systems give

Fe :‘: (Y) + w x (mV) (2.2-3)

M- .:.{ () + w xh (2.2-4)



VAt iume Of the ving. or€ 1N Lhe rotating body-axis system. The 4/6t operator denotes the vector of dert-
vatives of the vector components; in a rotating axis system this is not the same 4s the derivative of the
vector, because the components in the rotating axis system change due to this rotation even if the vector
1s constant in inertial space,

The angular momentum |s given by

lx "x‘v "xl
hefoly ly ey, (2.2-5)
“lay elyy I

The matrix in Equation (2.2-5) 13 the tnertia tensor (Etkin, 1959) expressed in the body-axis system.
The components of » in the body-axis system are (p,q,r) by definition. The curomnts of V in the body-
axis system are (u,v,w) by definition. For atrcraft stability and control applications, we can neglect
tine derivatives of m and the inertia tensor. With these substitutions, we can write Equations (2.2-3)
and (2.2-4) in scalar form as

Fy = m(v + qw - rv) (2.2-62)
Fy = m(v + ru - pw) (2.2-6b)
F2 = m(w ¢ pv - qu) (2.2-6c)
Nx = ply - qlgy = Pl + w1z - Iy) + (r2 - q2)ly; - palyz + rplyy (2.2-7)
M= Blay + dly - Flyz ¢ Ly - 1) 5 (02 - 2)1q - qrigy ¢ paly; (2.2-m)
M= Pl - Qlyg + £l + Pa(ly - Iy) + (a2 - p2)Iyy - rply, + qrl,, (2.2-7c)

where Fx, Fy, and F7 are the components of the external appliied forces; Mx. My, and M7 are the com-

ponents of the external applied moments. The angular velocities in these equations are in radians
per second.

2.2.2 External Forces and Moments

Let us now examine the external forces and Mmoments. We consider two components of the external
moment (for more complete equations, see Gainer and Hoffman (1972)). The most significant component is
t(:ge aerodgg;v;ic moment, We write the aerodynamic moments in terms of the nondimensional coefficients

tkin, 1 :

MXyero = QsbCy (2.2-8a)
MYaero * 95¢Cn (2.2-8b)
Hz“’_o = qsbCp (2.2-8¢)

where q 1s the dynamic pressure, s the reference area, ¢ the reference chord, b the refererce span, and
Cq: Gy, and Cn are the coefficients of rolling, pitching, and Yawing moments. These coefficients are

functions of the aircraft state (see Section 2.4),

The other component of the moment that we consider is the gyroscopic moment from the rotatin
machinery in the engine. We must consider this as an external applied moment because Equations ?2.2-3)
to (2.2-5) assume that the vehicle is a rigid body with no internal moving parts. The engine gyroscopic
coupllngeii significant for some aircraft. The following equations assume that the engine is oriented

ax

along t s. Gemaralization to arbitrary ortentation is sy, The total applied moments are
Mx = qsbCy (2.2-9a)
My = gscCy + Nrl,q (2.2-9)
Mz = qsbCn - Mqlxe (2.2-9c)

where I,o is the moment of inertia of the rotating mass of the engine and N the engine speed in radians
per Second.
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We consvder three components of the applied forces.
in terms of the nondimensional coefficients they are

fx sero * iscx
FYaero * qsCy

Flyero = 932

The first component is the serodynamic forces;

(2.2-100)

(2.2-100)

(2.2-10¢)

where Cx, Cy, and Cz are the coefficients of X force, ¥ force, and Z force. These coeffictents are func-

tions of the aircraft state (see Section 2.4),
normal force Cy and the coefficient of axial force Ca de7ined as

It is also common to work in terms of the coefficient of

Cn = -C2 (2.2-112)
Ca = Cx (2.2-11b)
The second force component is gravity, which exerts a force mg alung the earth 2 axis. Using
Equation (2.1-1), we can transform the gravity force into body axes:
F;’,,“ = -mg sin © (2.2-12a)
Fy"" = mg sin ¢ cos @ (2.2-12b)
Flgnv = mg cos & cos © (2.2-12¢)

The third force component is the engine thrust T, which we assume is along the body X axis,

Generalizatton to arbitrary ortentation 1s easy. The tota) applied forces are then
Fx = qsCyx - mg sin 6 + T
Fy » qsCy + mg sin & cos 6

Fz = qsCz + mg cos ¢ cos
2,2.3 Euler Angles

(2.2‘13.)
(2.2-13b)

(2.2-13¢)

Since body-axis forces are runctions of the Euler angles, we will need the equations for evolution of

the Euler angles,

Assuming a flat, nonrotating earth, the total angular velocity of the aircraft

can be expressed as the sum of f. 6. and & cwomnts.. These components are not mutually orthogona'l:
The ¥ Component is in the earth-axis Z direction, the 6 component is in the Y2 direction, and the ¢ com-

ponent is in the body-axis X direction.

We transform all these components into the body-axis system

ind equate the sum to the body-axis components of the angular velocity as follows (see Equation (2.1-1)):

P L 0 0 7 ['0' 1 0 0 cos © 0 <sin o
q] =|0|+|0 cos® sineol[8]+|0 cos e sine 0 1 0 0
r] o 0 <sin ¢ cos @ _OJ 0 -sin¢ cosolsine 0 coso]l¥
[1 (] sine T[4
=]0 cose sinocosof|d
[0 -sin ¢  cos ¢ cos o) LV

Inverting this equation gives
$=peqtanosine+rtanocos e
d2qcos ¢-rsine

¥=rcos ®sec0+qsineseeo

(2.2-14)

(2.2-152)
{2.2-15b)

(2.2'1&)



€64 Polar Coordinate Velocity Form

For many purposes, it is more conventent to have the equations in tems of q, 8, and V than in terms
of u, v, and w, The aerodynamic forces and moments are easier to visualize and express in terms of a,
8, and V. Furthermore, we can directly measure flow angles closely related to a and 8. We do almost
A1l of our analysis in the a, B and V coordinstes. The primary diudunnr of the (a,8,V) system is
that tt is singular at zero velocity, where a and 8 are not defined; therefore the {a,A,V) system is
inappropriate for hover conditions. The (a,B8,¥) system also has singularities at g of 290°, but these
are seldom of concern.

To derive the (a,8,V) cquations, first differentiate Equations (2.1-3) and (2.1-4) to obtatn

Ve % (Wi + vw + ww) (2.2-16a)

i H (2.2-16b)
w

Ba W 024w2) - v vl (2.2-16¢)

vV - Vg 2l + 02)

Substituting for u, v, and % from Equation (2.2-6) and for u, v, and w from Equation (2.1-7) aives

F F F
be- n—x-cos acos @8 + i—'— sin 8 0-.—2- sin a cos g (2.2-17s)
. 1
- _— -F - .2-
v o s (Fz cos a « Fy sin a) + q - (tan 8)(p cos a + r sin a) (2.2-17)
L) 5'—:%—1 Fy +psina-rcos a- —:;31 (F2 sin a + Fy cos a) (2.2-17d)

Substituting from Equation (2.2-13) for Fy, Fy, and Fy gives

V.. %’— cuuind + g(cos & cos © sin ~cos 8 + sin ¢ cos @ sin 8 ~ sin @ cos a cos B) (2.2-18a)

#iT.-cosacosa

a B - ——gl—- + - . + {
o AV cos B CL+4q- (tan 8)(p co. a + r sin a)
+ L (225 @ (s 0 cos a + sin © sin a) -1Sina (2.2-18)
Vcoss mV cos 8

. a5 ¢
8 %CV“"dfpsinc-rcos a+%couasin0cose

+ —-‘“c ® (g cos a sin @ - g sin a cos o cos 0+ % cos a) (2.2-18c)

where the stability-axis force coefficients are
€. = €7 cos a+Cysina {2.2-19a)
D = Cx cos a - €2 sin a (2.2-19b)

and to simplify the furm of the equations, we have defined the wind-axis coefficients
cmiﬂd - CD cos 8 - CY sin [} (202‘20.)

C'-’nnd = Cycos 8 +Cpsing (2.2-20b)
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Ne have now derived the body-axis six-degree-of-freedom equations of motion. We have two equivalent
forms of the equations, depending on whether the alr-relative velocity is expressed in rectangular or
polar coordinates. For the rectangular coordinate form, collact Equations (2.2-6), (2.2-7), and (2.2-15),
substituting from Equations (2.2-9) and (2.2-13).

G--E!-CX-qw+rv-gsin0¢% (2.2-21a)
Ve 23 Cy - ru + pw + g sin ¢ cos © (2.2-21b)
w -25 Cz -Pv+qu+gcos ocos @ (2.2-21¢c)
Plx - Qlyy = Flyy = QsbCy + ally - Iz) + (e2 - r2)lyz + palyp - rplyy 12.2-21d)

Play + aly = Flyp = Gscly + rp(Iz = Ig) + (r2 - P2)Ixz + arlyy = palyy + Nrlye  (2.2-21¢)

'alll - al,l + ;‘lx = istn + N(l‘ - !’) + (Pz - qz)l" + "plyz - qfluz - le. (2-2'21')

$=peqtanosine+rtan 6cos ¢ (2.2-219)
d=qcos o-rsine (2.2-21n)
¥ = rcos ¢ sec 0+ qsin ¢ seceo (2.2-211)

For the polar coordinate form, use Equation (2.2-18) 1in place of Equations (2.2-21a) to (2.2-21c), giving

Ve gicovind + g(cos @ cos @ sin a cos 8 + sin ¢ cos © sin 8
- sin 6 cos a cos 8} + ;— C0S a cos B (2.2-22a)

&--_..j.S_cL+q- (tan 8)(p cos a + r sin a)

mY cos 8
g Tsina .2
+ V cos 3 (cos @ cos 0 cos a + sin @ sin a) W cos s (2.2-22v)

. as
] gvcv“nd+psina-rcosc+%cosasin ¢ cos ®

+ 5’3—’ (9 cos asin 6 - g sin a cos @ cos 6 + {- cos a) (2.2-22c)
5Ix - q'l“ - :‘I‘z = ast‘, + qr(l’ - Iz) + (qz - l‘z)lyz + pqlxz - rpl” (2.2-22d)

“Plyy + qly = Fly; = §scCy + rp(I; = 1) + (r2 - P2)Ixz + arlyy - pqly, + Nrlye  (2.2-226)
“Plyz - Qlyz + Iz = qsbCp + pa(ly - Iy) + (02 - @@)Iyy + rply, - qrly, - Nql,e  (2.2-22f)
d=p+qtanosine+rtan ocos ¢ (2.2-229)
d=qcos ¢-rsine (2.2-22n)

¥ =rcos ¢ sec 6+qsin ¢ seco (2.2-221)



tither OF these gystems of nine coupled nonlinear differential equations describes the aircraft
motion. The inertia tensor 13 always an fnvertidle matrix (it fs usually nearly diagonal), and thus
Equations (2.2-21d) to (2.2-21f) are solvable for the dertvatives of Py Q, &nd r.  The explicit inver-
sion 1s messy, and it {s more convenient to write the equations in the form shown here and use & Numer-
{cal inversion routine for the solution.

The equations assume nonreltativistic mechantcs, a rigid vehicle, and a flat, nonrotating earth, The
equations are valid in a constant wind but do not account for wind shears or fluctuations. The time rate
of change uf mass and inertia is assumed negiigible, and fuel sloshing effects are ignored. There are no
small-angle approximations, but the equations have singularities at @ = 290°. The polar coordinate form
al30 has singularities at zero velocity and at g = 290%, Engine inertia and thrust terms are included,
nswin’ that the engine alignment and thrust vectors are along the X axis, The equations are given in
terms of body axes referenced to the vehicle center of gravity.

The force and moment coefficients are functions of the atrcraft state. Me must know these functions
before we can integrate the equations, but we will put off that 1ssue unti! Section 2.4,

2.2.6 Spatfal Position

Each set of equations in the prcvious section included only 9 of the 12 differential equations
describing the rigid-body motion of the aircraft. Three differential equations for the spatial posti-
tion are needed for a complete set. Although the spatial position equations are seldom rrlevant to
aircraft stability and control analysis, we present them here for completeness. These eq.ations are
recassary for simulations that include navigational considerations. In special situations, such as in
ground effect or with an autopilot driven by navigational signals, the spatial position equations can
also become pertinent to stadility and comtrol.

To derive the spatial position equations, simply use Equation (2.1-2) to transform the body-axis
velocity (u,v,w) into earth axes. We will also allow for a constant wind. Let X and ¥ be tha position
in the earth-fixed X 2nd Y coordinates. For the third spatial position variabdle, we use altitude H,
which Increases in the negative 2 direction. The resulting (X,Y,H) coordinate system is not right-handed

and therefore invites sign errors, Unfortunately, the (X,Y,2) coordinate system also invites sign errors
from people falsely assuming the positive 2 direction is up, which seems natural. The equations are

!-ucos!cosO#v(cos!slnesino-sin!cos:-)

+ w(cos ¥ sin 6. cos @ + 3ir ¥ sin @) + W, (2.2-23)

¥ = u(sin ¥ cos 8) + v(sin ¥ 